We investigate the scattering properties of spherical nanoparticles by employing a Cartesian multipole expansion method which has incorporated radiating toroidal multipoles. It is shown that toroidal dipoles, which are negligible under long-wavelength approximations, can be excited within high-permittivity dielectric nanoparticles and significantly influence the scattering profile in the optical regime. We further reveal that the scattering transparencies of core-shell plasmonic nanoparticles can be classified into two categories: i) the trivial transparency with no effective multipole excitations within the particle, and ii) the non-trivial one induced by the destructive interferences of induced electric and toroidal multipoles. The incorporation of toroidal moments offers new insights into the study into nanoparticle scattering in both the near-and far-fields, which may shed new light to many related applications, such as biosensing, nanoantennas, photovoltaic devices and so on.
I. INTRODUCTION
To obtain the scattering properties of radiation sources of arbitrary charge-current distributions the conventional Cartesian multipole expansion method is usually employed 1 .
However, recently it was demonstrated that this approach is incomplete, and, for example, the toroidal multipoles have not been taken into account 2-6 . Being physically different from the electric (induced by the separation of oscillating positive and negative charges) and magnetic (induced by the enclosed circulation of electric currents) multipoles, toroidal multipoles manifest themselves as poloidal currents which flow on the surface of a torus along its meridians [2] [3] [4] [5] [6] . Despite the differences in terms of charge-current distributions, in the far field however the scattering patterns and parity properties of toroidal multipoles and their electric counterparts are identical even though they correspond to inequivalent vector potentials which cannot be gauge-transformed into each other 5 . Moreover, the toroidal multipoles interact only with the time derivatives of the incident fields, and consequently under most circumstances are relatively weak and, consequently, overshadowed by the much stronger electric and/or magnetic multipoles 3,5 . As a result of all the features mentioned above, only recently the electromagnetic toroidal multipoles (or more specifically toroidal dipole) and related effects have been observed on carefully designed metamaterial and plasmonic platforms [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
In the currently flourishing fields of plasmonics and metamaterials, the investigation into Mie scattering of nanoparticles is of fundamental importance [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . One of the standard approaches in Mie scattering related studies is to decompose the fields of a spherical particle into vector spherical electric and magnetic multipoles 18, 22, 27, 28 . Since vector spherical har-In this paper we revisit the seminal problem of Mie scattering of spherical nanoparticles based on the Cartesian multipole expansion method with the included toroidal components.
We demonstrate that although within metallic spheres the toroidal dipole (TD) is negligible compared to electric dipole (ED), it can be excited in high-permittivity dielectric nanoparticles and strongly affect the scattering properties in the optical regime. We further study the hybrid metal-dielectric core-shell nanoparticles, and identify two different mechanisms of the scattering transparencies of those particles: i) the trivial transparency without effective multipole excitation inside and ii) the non-trivial one caused by scattering cancellation of electric and toroidal dipoles. The non-trivial transparency in the optical regime we have achieved in individual core-shell nanoparticles corresponds exactly to the recently demonstrated non-trivial non-radiating charge-current distributions 11, 15, 16 .
II. DIPOLE EXPANSION FOR SCATTERING PARTICLES INCLUDING TOROIDAL COMPONENTS
The scattered fields of spherical particles with incident plane waves can be fully characterized by Mie scattering coefficients a m and b m (see the appendix for more information), which conventionally have been associated directly with the magnitudes of the electric and magnetic moments of order m excited within the particles 18, 27, 28 . For example, the electric dipole (ED) moment can be expressed as:
where ε 0 is the vacuum permittivity, k the angular wave number in the background (it is vacuum in this paper), and E 0 is the electric field of the incident wave. Equation (1) has been established by the comparison of the scattered field associated with a 1 and that of a typical electric dipolar moment 18, 28 , and thus the near-field charge-current distribution of the scattering particle has not been considered. Since the far-field scattering of an ED and a TD are indistinguishable, the fields associated with a 1 in fact includes both contributions of ED and TD, while erroneously the scattering has usually been attributed to the ED only, with the TD being overlooked.
An alternative method to conventional spherical vector modes expansion of Mie scattering particles is Cartesian multipoles which allows to explicitly take into account toroidal moments 6, 7, 11, 16 . In Mie theory, the near-field distributions (in terms of both E and H)
can be analytically expressed 27 and based on the charge conservation relation the current (displacement current) distribution is [the exp(−iωt + ik · r) notation has been adopted for electromagnetic waves]:
where ε(r) is the relative permittivity and ω is the angular frequency of the incident wave.
With the current distribution, the ED and TD moments can be directly obtained 6, 7, 11 :
where c is the speed of light. It is worth mentioning here that throughout this work we use P(a 1 ) and P to indicate the ED moment deduced from far-field scattering [see Eq.
(1)]
and that obtained through current integration [see Eq. (3)], respectively. With the presence of only ED and TD when other multipoles are negligible, the far-field radiation can be expressed as (in terms of the electric field) 6,34 :
where n is the unit vector along r . Equation (4) confirms that ED and TD have an identical far-field scattering pattern despite an extra scaling factor ik of TD. Most importantly, the ED and TD can cancel the scattering of each other when P = −ikT. This corresponds exactly to the elusive non-trivial non-radiating charge-current distribution first proposed in 1995 5 , also known as anapole 16 . The challenge to satisfy this condition is that in most structures the TD moment is negligible: |ikT| ≪ |P|. Only recently such long sought non-radiation source has been achieved in carefully designed structures 11, 15, 16 .
III. INTERFERENCES BETWEEN TOROIDAL AND ELECTRIC DIPOLES IN HIGH PERMITTIVITY DIELECTRIC SPHERES
In Fig. 1(a) the schematic of the scattering problem is shown: an incident plane wave is scattered by a spherical nanoparticle, which could be homogenous or multi-layered. The plane wave is polarized along x direction (in terms of electric field) and propagating along z direction. Figure 1(b) gives a schematic illustration of the magnetic field and current distribution of the TD excited in the spherical particle. As is shown, the TD can also be interpreted as a series of magnetic dipoles (enclosed circulating currents) aligned along a circle. The circle actually also represents the field-lines of the induced magnetic field H.
According to Mie theory, the total scattered power by the spherical particle can be expressed as (with no magnetic materials and thus relative permeability µ = 1) 27 :
where E 0 is the magnitude of the incident electric field and µ 0 is the permeability in vacuum. It is clear that the contribution associated with P(a 1 ) is:
Meanwhile, the scattered power of Cartesian ED and TD are, respectively:
Recently high permittivity dielectric nanoparticles have attracted enormous attention due to the efficient excitation of magnetic dipoles in such structures in the optical regime 25, 35, 36 .
The high permittivity can effectively reduce the relative wavelength inside the nanoparticle, and thus provide sufficiently large optical path to support enclosed circulating currents, which results in excitation of optically-induced magnetic dipoles. Considering the current distribution of the TD (a series of circulating currents) shown in Fig. 1(b) , there should also a possibility for TD excitation in high-index dielectric nanoparticles in the optical spectral regime. As a first step, we study the scattering of a high permittivity dielectric sphere (refractive index n = 3.5, radius R = 100 nm).
The scattered power spectra of such a dielectric sphere is shown in Fig. 2 (1) The excitation efficiency of the TD would be higher at shorter wavelengths, and at long wavelength the excitation is negligible. This justifies the dropping of the TD moment term in conventional Cartesian multipole expansion method under long wavelength approximations;
(2) At short wavelength with TD moment comparable to that of ED, the spectra of farfield deduced dipole [P(a 1 )] is contrastingly different from that of the ED obtained through current integration (P). This is due to the fact that the deduction of P(a 1 ) has combined the contributions of both ED and TD 18, 27, 28 [see Eq.(4)]. As it was demonstrated in Ref.
16
P(a 1 ) can be viewed as a superposition of P and T: P(a 1 ) ≈ P + ikT. But at the same time we note that the above relation does not strictly hold, with the discrepancies from the higher order terms of Taylor expansions (with respect to kr) for the spherical Bessel functions (the electric, magnetic and toroidal multipoles correspond to the fundamental expansion terms of the zeroth order) 6 . This is clear in Fig. 2 (a) in the regime of approximately 530 nm-600 nm, when even though TD is negligible there are still significant differences between P(a 1 ) and P. However, at longer wavelengths the spectrum of P(a 1 ) agrees well with that of P, as under long wavelength approximation the toroidal moments and higher order terms of Taylor expansions of the spherical Bessel functions are negligible 6, 11, 16 .
To give more details of the multipole excited, we select three points [marked by A, B, C in Fig. 2(a) ] and show the corresponding near-field distributions (on the x-z plane with For the three points indicated in Fig. 2(a) , we note that: (1) At point A (λ=700 nm), the TD excitation can be neglected and the near-field distribution [ Fig. 2(a-A) ] exhibits a typical ED response, with no loop currents inside the nanoparticle; (2) At point B (λ=490 nm), the ED is negligible compared to the TD, and in Fig. 2(a-B) there are two oppositely circulating current loops with the magnetic field confined within the loop. This corresponds exactly to the field-current distribution of a typical TD shown in Fig. 1(b) , thus reconfirming the effective excitation of TD at this point; (3) At point C (λ=462 nm), there are both TD and ED excitation and more importantly they have the same amount of scattering power, which corresponds to the condition of P = −ikT, thus leading to the cancellation of dipolar scattering [see Eq.(4) and the black cure of P(a 1 ) in Fig. 2(a) ]. This can be further confirmed by the near-field distribution shown in Fig. 2(a-C) , where the fields are almost zero outside the particle. This is in sharp difference to the situation at point B [ Fig. 2(a-B) ]: since there is no ED excitation to cancel the scattering of the TD, and consequently there are still significant fields outside the sphere. We note here that the near-field distribution at the cancellation point B is similar to that of the Lamb-Chaplygin dipole vortex in fluid dynamics 37 .
For comparison, we have also shown the scattered power spectra in Fig. 2(b) for a silver sphere of radius R = 80 nm. For the permittivity of silver we adopt the experimental data from Ref. 38 . It is clear that in the whole spectrum regime, the magnitude of TD moment is far smaller than that of ED, and thus their interferences can be neglected according to Eq.(4). The near-field distribution of point A marked in Fig. 2 (b) at λ = 450 nm is shown in Fig. 2(b-A) (the vector-plot has been confined within the particle for better vision), where a typical ED field distribution is exhibited.
IV. TOROIDAL DIPOLE INDUCED NON-TRIVIAL TRANSPARENCY FOR CORE-SHELL NANOPARTICLES
To obtain a non-trivial transparency window induced by the complete destructive interference of ED and TD as indicated by Eq.(4), the following two conditions have to be satisfied: (1) There are effective ED and TD excitation with P(a 1 ) ≈ P + ikT; (2) The excitations of all other multipoles have been significantly suppressed. At point C in Fig. 2(a) , though there is a complete destructive interference between ED and TD, it is not really a transparency window as the second condition has not been satisfied [the total scattering is not negligible compared to the scattering of ED or TD, see the green curve in Fig. 2(a) ].
The scattering at point C has mainly been contributed by the magnetic dipole (MD) and magnetic quadrupole (MQ), and the electric quadrupole 26 (EQ, see the appendix for the definitions of those multipoles and their scattered power).
It was recently demonstrated that in metal-dielectric core-shell nanoparticles the positions of electric multipoles can be tuned effectively without significantly changing the positions of magnetic multipoles 22, 24 . This means that in such nanoparticles, we have sufficient freedom to tune the cancellation point of ED and TD to the minimum scattering point of MD and MQ where they are significantly suppressed, thus achieving a non-trivial TD induced transparency. To confirm this, in Fig. 3(a) we show the scattered power spectra of a metal (Ag)-dielectric (n = 3.5) core-shell nanosphere with inner radius R 1 = 20 nm and outer radius R 2 = 213 nm. Besides the multipoles shown in Fig. 2(a Fig. 3(a) ]. In other words, we have obtained the non-trivial transparency or a nonradiating source induced by the interferences of ED and TD within an individual scattering particle in the optical spectral regime. Although, such scattering suppression has been achieved, this condition corresponds to the dip of the toroidal moment, meaning that the magnitudes of ED and TD are very small at this point, which unfortunately are actually very close to that of the other multipole moments. Moreover, it is not really a transparency point as the total scattering is not negligible compared to the scattering of ED and TD. In our case however, we have achieved the transparency point close to the peak of the TD, where the ED and TD are much stronger than other multipoles the total scattering is negligible.
For comparison, we also investigate another dielectric (n = 3.5)-Ag core-shell nanosphere with R 1 = 50 nm and radius R 2 = 80 nm, and show the corresponding scattered power spectra in Fig. 3(b) (contributions from higher-order multipoles are far smaller and thus not shown). It is clear that there is also a transparency point (marked by point A at λ = 694 nm). In sharp contrast to the point indicated in Fig. 3(a) , at this point, all the multipoles including ED and TD are not effectively excited, thus leading to a trivial transparency window. To confirm further the differences between these two points indicated in Fig. 3(a) and Fig. 3(b) , we show the corresponding near-field distributions in Fig. 3 (a-A) and Fig. 3(b-A) respectively. Though for both cases, the incident plane waves have experienced almost no scattering (no perturbation of the wave-front), while for the former case there is effective mode excitation within the nanoparticle (non-trivial transparency) and for the latter one, there are almost null fields inside (trivial transparency).
We note here that though there have already been extensive studies on the transparency phenomena in core-shell nanoparticles (see Refs. given.
V. CONCLUSIONS AND DISCUSSIONS
By employing the complete Cartesian multipole expansion method incorporating toroidal multipoles, we revisited the Mie scattering problem of spherical nanoparticles. It is found that in high permittivity dielectric spheres toroidal dipoles can be effectively excited with comparable magnitude to that of the electric dipole, and thus can affect significantly the overall dipolar scattering. We further investigate the scattering transparencies of coreshell nanoparticles and reveal that they can be classified into two categories: the trivial transparency without exciting the multipole moments effectively inside the particle, and the non-trivial transparency induced by the destructive interferences of electric and toroidal dipoles, which exactly corresponds to a non-trivial non-radiating source.
We have confined our study to the toroidal dipoles and the transparencies induced by their destructive interferences with electric dipoles. The investigations can certainly be extended to higher order toroidal modes and the induced transparencies originating from the interferences between higher order electric and toroidal modes. Such studies be conducted in larger particles and/or in smaller wavelength spectral regime, where there is sufficiently large optical path for loops of circulating currents. Here we have discussed only spherical particles, in which the fields can be expressed analytically, and thus all the multipole moments can be calculated accurately. Similar studies can also be conducted for other non-spherical structures where the fields and currents, and thus multipole moments can be obtained through numerical methods 16 .
Recently it is shown that the interferences of electric and magnetic multipoles provides a lot of extra freedom for scattering pattern shaping of scattering particles (see Ref. 25 and references therein). We anticipate that when toroidal multipoles are considered, more flexibilities will be obtained for the scattering manipulation. Considering that the toroidal multipoles are highly related to both the local near-field distributions and the far-field scat- 
where ⊗ denotes the tensor product. The corresponding scattered power is 6,7,11 : For an incident plane wave, the scattered fields of a spherical particle can be expressed as 27 : 
